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Liouville quantum gravity and the Brownian map III:
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Jason Miller and Scott Sheffield
Abstract
Previous works in this series have shown that an instance of a
√
8/3-Liouville
quantum gravity (LQG) sphere has a well-defined distance function, and that
the resulting metric measure space (mm-space) agrees in law with the Brownian
map (TBM). In this work, we show that given just the mm-space structure, one
can a.s. recover the LQG sphere. This implies that there is a canonical way
to parameterize an instance of TBM by the Euclidean sphere (up to Mo¨bius
transformation). In other words, an instance of TBM has a canonical conformal
structure.
The conclusion is that TBM and the
√
8/3-LQG sphere are equivalent. They
ultimately encode the same structure (a topological sphere with a measure, a
metric, and a conformal structure) and have the same law. From this point of
view, the fact that the conformal structure a.s. determines the metric and vice-
versa can be understood as a property of this unified law. The results of this work
also imply that the analogous facts hold for Brownian and
√
8/3-LQG surfaces
with other topologies.
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1 Introduction
1.1 Overview
The unit area Brownian map (TBM) and the unit area Liouville quantum gravity (LQG)
sphere (with parameter γ =
√
8/3) are two natural continuum models for “random
surfaces” which are both homeomorphic to the Euclidean sphere S2. Both objects come
naturally endowed with an area measure. However, an instance of TBM additionally
comes endowed with a metric space structure (i.e., a two-point distance function) while
an instance of the LQG sphere comes endowed with a conformal structure (i.e., it can
be canonically parameterized by S2 up to Mo¨bius transformation).
This article is the third and last in a series of papers that explain how to endow each
of these random objects with the other’s structure in a canonical way and show that
once this is done the two objects agree in law. In other words, once both TBM and the√
8/3-LQG sphere are endowed with both structures, they encode exactly the same
information and have exactly the same law. From this point of view, any theorem
about TBM is henceforth also a theorem about the
√
8/3-LQG sphere and vice-versa.
The first two papers in the current series [MS15b, MS16a] show how to equip an in-
stance S of the unit area
√
8/3-LQG sphere (as defined in [DMS14, MS15c]) with a
metric in such a way that the resulting metric measure space (mm-space) agrees in law
with TBM.
To phrase this another way, suppose one first samples an instance S of the LQG sphere,
and then uses it to construct an instance SBM of TBM (by endowing S with a metric
3
structure and then forgetting about the conformal structure) together with the identity
homeomorphism φ from S to SBM. Then the results of [MS15b, MS16a] imply that the
law of (S,SBM) is a coupling of the
√
8/3-LQG sphere and TBM. Moreover, it is shown
in [MS15b, MS16a] that in this coupling the first object a.s. determines the second.
The current paper shows that the second object a.s. determines the first; indeed, given
only SBM one can a.s. reconstruct both S and φ. In particular, this implies that there is
a.s. a canonical way to endow an instance of TBM with a conformal structure (namely,
the conformal structure it inherits from S).
Although the three papers belong to the same series, let us stress that the methods
and results are extremely different. The current paper implements a subtle conformal
removability analysis that has no parallel in either [MS15b] or [MS16a], the first two
papers in the series. As explained in Section 1.4, the current paper does have some
strategic similarity to [DMS14, Section 10] but the conceptual details that appear here
are more difficult and delicate. Let us also stress the practical importance of the current
paper. Once one knows that an instance of TBM comes with a canonical conformal
structure, one can construct Brownian motions, conformal loop ensembles, and other
natural random geometric objects on top of an instance of TBM. This allows one to
formulate many scaling limit conjectures (e.g., that simple random walk on random
planar maps scales to Brownian motion on TBM) and may pave the way to a deeper
understanding of the relationships between various discrete and continuous models.
Moreover, conformal symmetries and conformal field theory have obviously been of
great importance to the physics literature on random surfaces. Now that we have
endowed TBM with a conformal structure, one can apply these techniques to the study
of TBM.
Throughout most of this paper, we will actually work with an infinite volume variant
of TBM called the Brownian plane (TBP), as defined in [CL12], which was shown in
[MS16a] to be equivalent to an infinite volume variant of the LQG-sphere, called a
quantum cone, as defined in [She16, DMS14]. We will then use these results about
infinite volume surfaces to deduce analogous results about finite volume spheres and
disks
We remark that, in some sense, our conclusions are even more general. First we observe
that in a certain sense both length space structure and conformal structure are “local”
properties. To be more precise, let U1, U2, . . . , Uk be any finite cover of the sphere with
open neighborhoods. It is not hard to see that if one knows the conformal structure on
each Ui, one can recover the conformal structure of the whole sphere. Similarly, if one
knows the “internal metric” structure of each Ui (i.e., one can define the length of any
path that lies strictly inside one of the Ui) then this determines the length of any path
(and hence the overall metric) on the entire sphere, because if η : [0, 1]→ SBM is such
a path, then the connected components of the sets η−1(Ui) form an open cover of [0, 1]
and hence must have a finite subcover since [0, 1] is compact.)
The method for producing a length space structure on LQG, as described in [MS15b,
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MS16a], was shown to be “local” in the sense that it is a.s. the case that the internal
metric on any open subset Ui of a
√
8/3-LQG sphere instance is determined (in a
particular concrete way) by the measure and conformal structure within Ui. This paper
will show that the method for recovering the conformal structure from the metric is
local in a similar sense.
Informally, these statements imply that we can impose a canonical length space struc-
ture on any surface that looks like a
√
8/3-LQG sphere locally, and a canonical confor-
mal structure on any surface that looks locally like an instance of TBM. This should
allow one to address, for example, higher genus variants of TBM and LQG.
However, let us stress if one has a specific method for generating a higher genus form of
TBM — and another specific method for generating a higher genus LQG surface, one
would still have to do some additional work to show that the first surface (endowed with
its canonical conformal structure) and the second surface (endowed with its canonical
length space structure) agree in law. There are many variants of both LQG and TBM
(which may differ in genus, boundary structure, and number and type of special marked
points). See for example the recently announced work in preparation by Bettinelli and
Miermont (on the Brownian map side) [BM16] or the work by Guillarmou, Rhodes
and Vargas (on the LQG side) in [GRV16]. It remains an open problem to show that
these surfaces described in these papers are equivalent. We only note here that all of
these variants can now be defined as random variables on the same space — the space
of (possibly marked) conformal mm-spaces — and that comparing the laws of surfaces
defined on the LQG side with the laws of surfaces defined on the Brownian map side
is therefore at least possible in principle.
1.2 Main results from previous papers
Before we proceed, let us recall briefly the approach taken in the first two papers in this
series. The first paper [MS15b] considers a sequence of points (xn) chosen i.i.d. from
the measure on an instance S of the
√
8/3-LQG sphere, and shows how to define a
metric dQ on (xn). This is accomplished by letting dQ(xi, xj) denote the amount of time
it takes for a certain growth process, started at xi, to absorb the point xj. This growth
process is a form of the quantum Loewner evolution with parameters (γ2, η) = (8/3, 0)
(i.e. QLE(8/3, 0)) as introduced by the authors in [MS16e]. We showed in [MS15b]
that dQ is a.s. determined by S together with the set (xj), i.e., it does not depend on
any additional randomness associated with the growth processes.
The second paper in the current series [MS16a] shows that there is a.s. a unique way to
continuously extend the metric dQ on (xj) to a metric dQ defined on the entire sphere S.
It is also shown that the identity map from S (endowed with the Euclidean metric d) to
itself (endowed with the metric dQ) is a.s. Ho¨lder continuous in both directions. It was
further shown in [MS16a] that as a random mm-space, the pair (S, dQ) agrees in law
with TBM. Along the way to proving this result, we showed that (S, dQ) is geodesic,
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i.e. it is a.s. the case that every pair of points x, y can be connected by a path whose
length with respect to dQ is equal to dQ(x, y). We recall below three major statements
obtained in [MS16a].
In making these statements, as just above, we use d to denote the standard Euclidean
path-length metric on S2 (when S2 is embedded in R3 in the standard way).
Theorem 1.1 ([MS16a]). Suppose that S = (S2, h) is a unit area
√
8/3-LQG sphere,
(xn) is an i.i.d. sequence chosen from the quantum measure on S, and dQ is the associ-
ated QLE(8/3, 0) metric on (xn). Then (xi, xj) 7→ dQ(xi, xj) is a.s. Ho¨lder continuous
with respect to the metric d2((x1, y1), (x2, y2)) = d(x1, x2) + d(x2, y2) that d induces on
the product space S2 × S2. In particular, dQ uniquely extends to a Ho¨lder continuous
(w.r.t. d2) function dQ on S
2 × S2.
The following states that dQ a.s. induces a metric on S
2 which is isometric to the metric
space completion of dQ.
Theorem 1.2 ([MS16a]). Suppose that S = (S2, h) is a unit area
√
8/3-LQG sphere
and that dQ is as in Theorem 1.1. Then dQ a.s. defines a metric on S
2 which is
isometric to the metric space completion of dQ. Moreover, the identity map between
(S2, d) and (S2, dQ) is a.s. Ho¨lder continuous in both directions.
Throughout the rest of the paper, in order to lighten the notation, we will write dQ
instead of dQ. We will also make use of the following notation. We will write B(z, ǫ) for
the open Euclidean ball centered at z of radius ǫ and write BQ(z, ǫ) for the ball with
respect to dQ. When we have fixed a given reference point w, we will write B
•
Q(z, ǫ)
for the hull of BQ(z, ǫ) relative to w. That is, B
•
Q(z, ǫ) is the set of points disconnected
from w by BQ(z, ǫ). Typically, w = ∞. For a set K, we also let diamQ(K) be the
diameter of K with respect to dQ.
Theorem 1.3 ([MS16a]). Suppose that S = (S2, h) is a unit area
√
8/3-LQG sphere
and that dQ is as in Theorem 1.1. Then the law of the random mm-space (S
2, dQ, µh)
is the same as the law of TBM. If S = (D, h) is instead a unit boundary length
√
8/3-
LQG disk, then the law of (D, dQ, µh) is the same as that of a Brownian disk with
unit boundary length. Finally, if S = (C, h) is a
√
8/3-LQG cone, then the law of
(C, dQ, µh) is the same as the law of TBP.
It is also deduced in [GM16c] that the mm-space structure associated with a weight-2
quantum wedge agrees in law with that of the so-called Brownian half-plane, in which
it is also deduced from [BM15] that uniformly random quadrangulations of the upper
half-plane converge to the Brownian half-plane. (See also [BMR16] for more on the
Brownian half-plane, as well a more general set of convergence results of this type.)
The work [GM16c] is part of a series of papers which also includes [GM16a, GM16b]
and identifies the scaling limit of the self-avoiding walk on random quadrangulations
with SLE8/3 on
√
8/3-LQG.
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1.3 Main result of current paper
Theorem 1.3 implies that there exists a coupling of the law of a
√
8/3-LQG unit area
quantum sphere S and an instance SBM = (M, d, µ) of TBM such that the mm-space
(S2, dQ, µh) associated with S is a.s. isometric to (M, d, µ). Moreover, by the con-
struction of dQ given in [MS15b] we have that (S
2, dQ, µh) and hence (M, d, µ) is a.s.
determined by S. That is, SBM is a measurable function of S. Moreover, the analogous
facts also hold in the setting of the Brownian disk, TBP, and the Brownian half-plane.
As mentioned above, the main result of this paper is that the converse also holds.
Theorem 1.4. Suppose that S = (S2, h) is a
√
8/3-LQG unit area sphere, that dQ is
as in Theorem 1.1, that SBM is the instance of TBM described by (S
2, dQ, µh), and that
φ is the identity homeomorphism from S to SBM. Then S and φ are a.s. determined
by SBM. In particular, this means that S viewed as a random variable taking values in
the space of quantum surfaces is a.s. determined by SBM viewed as a random variable
taking values in the space of mm-spaces.
The analogous statement holds in the setting of the coupling of the Brownian disk and a
quantum disk, TBP and a quantum cone, and the Brownian half-plane and a weight-2
quantum wedge.
1.4 Proof strategy
Our proof of Theorem 1.4 is a variant of the proof given in [DMS14, Section 10] for the
fact that a certain pair of continuum random trees determines the conformal structure
of the surface obtained by gluing those trees together. Indeed, the reader might wish
to read [DMS14, Section 10] before reading the current paper. The goal of this paper
is essentially the same as the goal in [DMS14, Section 10] except that the pair of trees
in question is defined in a different way — in terms of the coordinates of the head of
a Brownian snake process, instead of the coordinates of a correlated two dimensional
Brownian motion (see Section 2). In what follows, we will give an overview of the
strategy to prove this result, which parallels the strategy used in [DMS14, Section 10].
In both stories, we first give a procedure for constructing a quantum surface decorated
by the pair of continuum trees (and a space-filling path forming an “interface” between
the two trees) and subsequently show that in this construction, the pair of trees —
viewed simply as a coupled pair of random metric trees — actually determine the
conformal structure. In both stories, the basic idea is to show that if one conditions
on the pair of trees and resamples the conformal structure (conditioned on the pair of
trees) then it is a.s. the case that nothing changes, i.e., the conformal structure is a.s.
the same as before.
In both [DMS14, Section 10] and the current paper, one begins by fixing a value of
γ ∈ (0, 2) and considering a particular kind of infinite volume γ-LQG surface, namely
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the so-called γ-quantum cone. We recall that in a γ-quantum cone, the origin looks
like a “typical” point from the quantum measure (see Section 2).
In [DMS14, Section 10], the value of γ ∈ (0, 2) is arbitrary and the curve η′ is an
independent space-filling form of SLE16/γ2 [MS13] that forms the interface between two
continuum random trees; it is possible to make sense of those two trees as metric spaces,
and the contour functions describing those trees are a pair of Brownian processes (X, Y )
that are correlated to an extent that depends on γ.
In the current setting, we fix γ =
√
8/3, and the curve is the interface between a
continuum geodesic tree and its dual tree. As explained in [MS15b, MS16a], one may
endow an instance of the
√
8/3-quantum cone (with parameter given by γ =
√
8/3)
with a metric dQ such that the resulting metric space has the law of TBP, as defined
in [CL12]. We recall that it is a.s. the case that for almost all points in TBP, there is a
unique geodesic from that point to the special point “at∞” in TBP and that for almost
all pairs of points, the geodesics to∞ merge in finite time, so that one has a continuum
geodesic tree. The law of this tree and its dual tree can be described directly. First,
the dual tree T is an infinite continuum random tree (CRT) [Ald91a, Ald91b, Ald93]
and has a contour function given by a Brownian motion X indexed by R. Let ρT be
the associated map from R to T . The geodesic tree then has a contour function given
by a process Y , whose conditional law given X is determined by the fact that Yρ−1
T
(s)
is a Brownian motion indexed by s ∈ T (and its definition doesn’t depend on which
inverse of ρT one uses, i.e., Ya = Yb whenever ρT (a) = ρT (b)). The map Γ from a real
time t to the corresponding point in TBP is a space-filling curve, indexed by t ∈ R,
that fills all of TBP and traces a unit of area in a unit of time. (We will review the
definition of TBP more carefully in Section 2.3.)
In both [DMS14, Section 10] and the current paper, we parameterize this quantum
cone by the whole plane C using the “smoothed canonical embedding” described in
[DMS14, Section 10]. We recall that in this embedding, the origin and ∞ correspond
to distinguished marked points of the quantum cone, the rotation is uniformly random,
and the scaling is chosen in such a way that (h, φ) = 0, where φ is a particular smooth
rotationally invariant function from C to R.
We emphasize that the joint law of the pair (h,Γ) of the present paper is very different
from the joint law of the pair (h, η′) from [DMS14, Section 10]. Indeed, in the setting
of [DMS14, Section 10] we have that η′ is a space-filling SLE16/γ2 which is first sampled
independently of h and then reparameterized so that it fills one unit of quantum area
in each unit of time. In contrast, the construction of dQ implies that the curve Γ is a.s.
determined by h. Moreover, Γ serves to encode the metric structure associated with
h while η′ should be thought of as encoding the scaling limit of a statistical physics
model (e.g., a UST instance) on a random planar map.
Let U = Γ([0, 1]) denote the unit area portion of TBP traced by Γ during the time
interval [0, 1]. In light of the embedding described above, we may also view U as a subset
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of C. Now fix some large n ∈ N and for k ∈ {1, . . . , n}, let Uk = Γ([(k − 1)/n, k/n])
denote the portion traced during the interval [(k − 1)/n, k/n].
Lemma 1.5. There exists a constant c > 0 such that the following is true. For each
n ∈ N and k ∈ {1, . . . , n}, the probability that the diameter of Uk with respect to the
metric of TBP exceeds an−1/4 decays at least as fast as e−ca
4/3
.
Lemma 1.5 (stated as Proposition 2.2 and proved below) is a corollary of a large de-
viations principle for the Brownian snake established in [Ser97] which states that if d∗
is the diameter of TBM with unit area then − logP[d∗ ≥ r] behaves like a constant
times r4/3 as r →∞. Lemma 1.5 also implies that for each ǫ > 0 fixed, the probability
that even one of the Uk has diameter larger than n
−1/4+ǫ tends to zero superpolyno-
mially as a function of n. For each k, n, let U˜k denote the filled metric ball of radius
n−1/4+ǫ centered at Γ(k/n).
Lemma 1.6. There exists constants c > 0, α > 4, and a positive probability event A
which depends only on the quantum surface parameterized C\U such that the following
is true. For each n ∈ N and k ∈ {1, . . . , n}, we have that
E[diam(U˜k)
41A] ≤ cn
−α.
Lemma 1.6 is stated carefully as Lemma 3.2 and proved below.
Suppose that K ⊆ C is a compact set. Recall that K is said to be conformally
removable if the following is true. Suppose that U, V ⊆ C are open subsets with
K ⊆ U . If ϕ : U → V is a homeomorphism which is conformal on U \ K then ϕ is
conformal on U . The notion of conformal removability is important in the context of
LQG, see e.g. [She16].
Lemma 1.7. For each n ∈ N, the set ∪nk=1∂U˜k is a.s. conformally removable.
Lemma 1.7 follows from Theorem A.1 which is stated and proved in Appendix A. We
recall that a simply connected domain U ⊆ C is said to be a Ho¨lder domain if there
exists a conformal map ϕ : D→ U which is Ho¨lder continuous up to ∂D. Establishing
Lemma 1.7 will require us to rewrite, in a slightly more general way, some of the
arguments for the conformal removability of Ho¨lder domain boundaries that appear in
[JS00]. (See Appendix A.)
Lemma 1.8. Given the mm-space structure of TBP, the conformal structure associated
with the inside and the outside of a filled metric ball of a fixed radius centered at the
origin are conditionally independent.
Lemma 1.8 is stated carefully as Lemma 3.4 below.
Once we have the four lemmas above, Theorem 1.4 will follow from the argument used
to prove the rigidity of the conformal structure given the peanosphere structure in
[DMS14, Section 10].
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1.5 Outline
We will review basic definitions in Section 2 and provide the proof of Theorem 1.4
in Section 3. Like the other papers in this series, this paper builds on several previ-
ous works by the current authors about LQG surfaces [She16, DMS14, MS15c], TBM
[MS15a], and imaginary geometry [MS16b, MS16c, MS16d, MS13]. These in turn rely
on sizable literatures on SLE, TBM, LQG and other topics, which are briefly reviewed
in the first paper of the current series [MS15b].
2 Preliminaries
In this section we will review a few preliminaries, including background on mm-spaces
(Section 2.1), quantum surfaces (Section 2.2), a brief review of the Brownian map and
plane (Section 2.3), and finally a few basic estimates that will be used in the proofs of
our main theorems (Section 2.4).
2.1 Metric measure spaces
A metric measure space (mm-space) is a metric space (M, d) together with a measure µ
on the Borel σ-algebra associated with (M, d). In this article, we will be considering a
number of random mm-spaces and we will also want to consider conditional probabilities
where the σ-algebra in question is generated by such a random mm-space. In order
to make this precise, we need to specify a σ-algebra on mm-spaces. There are several
possibilities that one could choose from here. In order to be consistent with [MS15a],
we will use the Borel σ-algebra generated by the so-called Gromov-weak topology. (See
[MS15a, Section 2.4] and the references therein for additional detail.)
Suppose that (M, d, µ) is a mm-space with µ a probability measure and let Eµ denote
the expectation associated with the matrix of distances dij = d(xi, xj) where (xj) is an
i.i.d. sequence sampled from µ. The Gromov-weak topology is the weakest topology
such that for each k ∈ N and each bounded, continuous function ψ on Rk
2
we have
that the map
(M, d, µ) 7→ Eµ[ψ(Mk)]
is measurable where Mk = (dij)
k
i,j=1.
More generally, the Gromov-weak topology on mm-spaces (M, d, µ, z1, . . . , zn) with n
marked points is defined in the same way except we take the sequence (xj) so that
x1 = z1, . . . , xn = zn and the remaining elements of the sequence to be i.i.d. from
µ. We refer the reader to [GPW09] for additional background on the Gromov-weak
topology.
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We let M be the Borel σ-algebra generated by the Gromov-weak topology. More
generally, we let Mn be the Borel σ-algebra generated by the Gromov-weak topology
with n marked points.
We note that, using this topology, two mm-spaces (Mi, di, µi) for i = 1, 2 are equivalent
if there exists a measure preserving map ψ : M1 → M2 which restricts to an isometry
on the support of µ1.
In [MS15a, Section 2.4], a number of properties of the Gromov-weak topology are
recorded. For example, it is shown there that the following events are Gromov-weak
measurable:
• (M, d) is compact (more precisely this means that (M, d, ν) is equivalent to some
(M˜, d˜, ν˜) for which (M˜, d˜) is compact) [MS15a, Proposition 2.12],
• (M, d) is compact and geodesic [MS15a, Proposition 2.14], and
• (M, d) is geodesic and homeomorphic to S2 [MS15a, Proposition 2.15].
We note that TBM with unit area can be viewed as a random variable taking values in
the space of mm-spaces using the σ-algebra M as described just above.
We finish this subsection with two observations:
• If (M, d, µ) is an mm-space where 0 < µ(M) <∞, then we can let µ∗ = µ/µ(M)
and encode (M, d, µ) by the pair consisting of (M, d, µ∗) and µ(M). Therefore
such a space fits into the aforementioned framework, where we add an extra
variable to keep track of the total mass µ(M) and the natural σ-algebra in this
context is the product σ-algebra associated withM and the Borel σ-algebra onR.
We note that TBM with random area can be viewed as a random variable taking
values in the product of the space of mm-spaces as described above and R with
this σ-algebra.
• Suppose that (M, d, µ, z) is a marked mm-space where µ(M) = ∞ but 0 <
µ(B(z, r)) < ∞ for all r > 0 and M = ∪r>0B(z, r). For each r > 0, let µ
∗
r
be given by µ|B(z,r)/µ(B(z, r)). For r > 0, each of the spaces (B(z, r), d, µ
∗
r, z)
together with µ(B(z, r)) fits into the framework described just above and we
can view such a space (M, d, µ, z) as a sequence (B(z, n), d, µ∗n, z) together with
µ(B(z, n)) each of which fits into the framework from just above. This leads to a
natural σ-algebra in this setting and this is the space in which we will view TBP
as taking values.
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2.2 Quantum surfaces
Suppose that h is an instance of some form of the Gaussian free field (GFF) on a
planar domain D and fix γ ∈ (0, 2). The γ-Liouville quantum gravity (LQG) measure
associated with h is formally given by µh = e
γhdz where dz denotes Lebesgue measure
onD. Since h is a distribution and not a function, this expression requires interpretation
and can be made rigorous using a regularization procedure. Similarly, if L is a linear
segment of the boundary, then the γ-LQG boundary measure is given by νh = e
γh/2dz
where here dz denotes Lebesgue measure on L. This expression is made rigorous using
the same regularization procedure used to construct µh.
Suppose that D˜ is another planar domain and ϕ : D˜ → D is a conformal transformation.
If one defines
h˜ = h ◦ ϕ+Q log |ϕ′| where Q =
2
γ
+
γ
2
(2.1)
then µh˜(A) = µh(ϕ(A)) (resp. νh˜(A) = νh(ϕ(A))) for all A ⊆ D˜ (resp. A ⊆ ∂D˜) Borel.
This in particular allows one to make sense of νh on segments of ∂D which are not
necessarily linear. A quantum surface is an equivalence class where a representative
consists of a pair (D, h) and two pairs (D, h), (D˜, h˜) are said to be equivalent if h and h˜
are related as in (2.1). We refer to a representative (D, h) of a quantum surface as an
embedding.
More a generally, a marked quantum surface is an equivalence class where a represen-
tative consists of a triple (D, h, z) where z = (z1, . . . , zk) is a collection of points in D
and two marked quantum surfaces (D, h, z), (D˜, h˜, z˜) are said to be equivalent if h, h˜
are related as in (2.1) and ϕ(z˜j) = zj for all 1 ≤ j ≤ k.
In this work, we shall be primarily interested in several types of quantum surfaces:
quantum wedges, cones, disks, and spheres. As the definitions of these surfaces were
reviewed in earlier works in this series, we will not repeat them here and instead refer
the reader to [DMS14].
2.3 The Brownian map and plane
We now recall the definition of the Brownian map (TBM) [LG13, Mie13] and the Brow-
nian plane (TBP) [CL12]. We first begin by reminding the reader of the construction
of the so-called Brownian snake process Y on [0, 1]. One can sample from the law of
the Brownian snake using the following two-step procedure:
1. Sample a Brownian excursion X : [0, 1]→ R+ with X(0) = X(1) = 0 and let
mX(s, t) = inf
u∈[s,t]
X(u). (2.2)
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2. Given X , sample a mean-zero Gaussian process Y with covariance given by
cov(Ys, Yt) = mX(s, t).
TBM (with unit area) is the random mm-space which is constructed from the Brownian
snake as follows. For s, t ∈ [0, 1], we set
d◦(s, t) = Ys + Yt − 2max
(
inf
u∈[s,t]
Yu, inf
u∈[t,s]
Yu
)
.
Here, we assume without loss of generality that s < t and take [t, s] = [0, s] ∪ [t, 1].
Let T be the instance of the continuum random tree (CRT) associated with X and let
ρT : [0, 1]→ T be the projection map. For a, b ∈ T , we then set
d◦T (a, b) = inf{d
◦(s, t) : ρT (s) = a, ρT (t) = b}. (2.3)
Finally, for a, b ∈ T , we set
d(a, b) = inf
{
k∑
j=1
d◦T (aj−1, aj)
}
(2.4)
where the infimum is taken over all k ∈ N and a0 = a, a1, . . . , ak = b in T . The
unit-area Brownian map is the mm-space (M, d, µ) where (M, d) is given by the metric
quotient T / ∼= where a ∼= b if and only if d(a, b) = 0 and µ is the pushforward of
Lebesgue measure from [0, 1] to (M, d) under the projection map ρ : [0, 1] → M . This
construction naturally associates with (M, d, µ) a space-filling, non-crossing path Γ
where Γ(t) = ρ(t) for t ∈ [0, 1]. (In fact, Γ is the peano curve which snakes between
a tree of geodesics and its dual tree on (M, d).) In particular, (M, d, µ) is naturally
marked by Γ(0).
Recalling that Ys represents the distance between ρ(s) and the root of the geodesic tree
in TBM, i.e., ρ(s∗) where s∗ is the unique value in [0, 1] such that Ys∗ = infs∈[0,s] Ys, it
follows that the diameter d∗ of (M, d) satisfies the bounds
sup
s∈[0,1]
Ys − inf
s∈[0,1]
Ys ≤ d
∗ ≤ 2
(
sup
s∈[0,1]
Ys − inf
s∈[0,1]
Ys
)
.
The precise asymptotics for the tail of d∗ were determined by Serlet [Ser97, Propo-
sition 14]. We restate a variant of this result here because it will be important for
our later arguments. (The result in [Ser97] in fact includes matching upper and lower
bounds.)
Proposition 2.1 ([Ser97]). There exists a constant c0 > 0 such that, as r → ∞, we
have that
logP[d∗ ≥ r] ≤ −c0r
4/3. (2.5)
13
We observe that if we have a marked instance of TBM (M, d, µ,Γ(0)), then for each
t ∈ [0, 1] fixed we have that (M, d, µ,Γ(0))
d
= (M, d, µ,Γ(t)). That is, the law of TBM
is invariant under re-rooting. The reason for this is that the CRT instance itself is
invariant under re-rooting as is the corresponding Brownian snake process. In fact, the
conditional law of Γ(0) given (M, d, µ) is equal to µ.
In this work, we will be interested in TBP [CL12]. We will now remind the reader of the
construction of TBP and explain why Serlet’s bound can be used to deduce diameter
bounds for the corresponding space-filling path.
Following [CL12], one can produce a sample from the law of TBP as follows:
1. Sample the process X : R → R+ by taking Xt = Rt for t ≥ 0 (resp. Xt = R
′
−t
for t ≤ 0) where R,R′ are independent 3-dimensional Bessel processes starting
from 0.
2. Given X , let Y be the mean-zero Gaussian process with covariance cov(Ys, Yt) =
mX(s, t) where mX is as in (2.2) (with X as in the previous item).
We note that the two 3-dimensional Bessel processes in the definition of X correspond
to zooming in near the start and end of the Brownian excursion in the definition of
TBM.
The mm-space structure of TBP is constructed in a manner which is analogous to TBM.
Also associated with it is a space-filling path Γ which is given by projecting the identity
map on R. Moreover, the law of TBP is invariant under re-rooting according to Γ, as
it is the infinite volume limit of TBM which enjoys the corresponding property. See,
e.g., [CL12, Proposition 4].
We are now going to explain why Serlet’s tail bound (Proposition 2.1) extends to bound
the diameter d∗s,t of the sets Γ([s, t]) for s < t of the space-filling path on TBP.
Proposition 2.2. There exists a constant c0 > 0 such that, as r →∞, we have that
logP[d∗0,1 ≥ r] ≤ −c0r
4/3. (2.6)
More generally, for each s < t we have that
logP[d∗s,t ≥ r] ≤ −c0(t− s)
−1/3r4/3. (2.7)
Proof. We note that (2.7) follows from (2.6) and the scaling properties of TBP. In
particular, we have that d∗s,t
d
= (t− s)1/4d∗0,1 for all s < t. This leaves us to prove (2.6).
We will deduce (2.6) from Proposition 2.1. By the definition (2.3), (2.4) of the metric
for TBP and the definition of the space-filling path Γ, we know that
d∗0,1 ≤ 2
(
sup
s∈[0,1]
Ys − inf
s∈[0,1]
Ys
)
. (2.8)
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Therefore to extract (2.6) from (2.5), we just need to control the Radon-Nikodym
derivative of the law of a 3-dimensional Bessel process run for time 1/2 with respect to
the law of a Brownian excursion run for time 1/2. Indeed, this will imply the analog
of (2.8) with [0, 1/2] in place of [0, 1]. The case with [0, 1] then follows from the case
with [0, 1/2] by applying scaling.
We begin by observing that if R is a 3-dimensional Bessel process starting from 0 and
X is a Brownian excursion from 0 to 0, then for each x ≥ 0 we have that the conditional
law of R|[0,1/2] given R1/2 = x is equal to the conditional law of X|[0,1/2] given X1/2 = x.
Therefore we just have to control the Radon-Nikodym derivative of the law of R1/2 with
respect to the law of X1/2.
By [RY99, Chapter XII, Theorem 4.1] and [RY99, Chapter XI] the density of the laws
of X1/2 and R1/2, respectively, with respect to Lebesgue measure on R+ are given by
the following expressions evaluated at t = 1/2:
2x2
(2πt3(1− t)3)1/2
exp
(
−
x2
2t
−
x2
2(1− t)
)
and
2x2
(2πt3)1/2
exp
(
−
x2
2t
)
. (2.9)
Therefore the claimed bounds follow by using the explicit form of the Radon-Nikodym
derivative and applying Ho¨lder’s inequality. More precisely, if r > 0 and Ar is the event
that the right hand side of (2.8) is at least r, with [0, 1/2] in place of [0, 1], and µ (resp.
ν) denotes the law of TBM (resp. TBP), then for conjugate exponents p, q ≥ 1 we have
that
ν[Ar] =
∫
Z1Ardµ ≤
(∫
Zpdµ
)1/p
µ[Ar]
1/q
where Z is given by the second expression in (2.9) divided by the first with t = 1/2.
Proposition 2.1 gives us the rate of decay for µ[Ar] as r → ∞; note that taking the
1/qth power only changes the constant in front of the term r4/3. The result thus follows
because by inspecting the explicit form of Z, we see that we can choose p > 1 sufficiently
close to 1 so that
∫
Zpdµ <∞.
The boundary of the range Γ([s, t]) of the space-filling path Γ on the interval [s, t] can be
divided into four boundary segments: two branches of the geodesic tree (i.e., geodesics)
and two branches of the dual tree. These sets are not known to be conformally remov-
able, after embedding into C using the QLE(8/3, 0) metric. For this reason, in our
proof of Theorem 1.4 we will cover each such chunk by a filled metric ball and instead
use the removability of filled metric ball boundaries [MS16e]. (This is in contrast to
[DMS14, Section 10], in which it was known that the boundaries of the chunks of the
space-filling path were conformally removable.)
2.4 Variance and distortion estimates
We now record a variance bound and a distortion estimate which will be important for
the proof of Theorem 1.4. The first estimate that we will state is a general bound, the
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so-called Efron-Stein inequality [ES81], on the variance of a function of independent
random variables.
Lemma 2.3. Let A = A(X1, . . . , Xn) be a function of n independent random variables
X1, . . . , Xn such that E[A
2] <∞. Then
var(A) ≤
n∑
i=1
E[var(A | Fi)] where Fi = σ(Xj : j 6= i). (2.10)
This result is stated in [DMS14, Lemma 10.4] together with an independent proof.
When we apply Lemma 2.3 below, the role of the Xi’s will be played by quantum sur-
faces parameterized by hulls of metric balls and A will be a function which determines
the embedding of the quantum surface formed by the Xi’s and the surface formed by
the complement of their union. We will compute the variance conditionally on the
latter, so that A is just a function of the Xi’s.
The other estimate that we will state is a general estimate for conformal maps and is
stated in [DMS14, Lemma 10.5]. Before we recall this estimate, we first remind the
reader of the following definition. Suppose that K ⊆ C is a compact hull and let
F : C \ D → C \ K be the unique conformal map with F (∞) = ∞ and F ′(∞) > 0.
Then we can write
F (z) = a−1z + a0 +
∞∑
n=1
anz
−n.
We will refer to a0 as the harmonic center of K.
Lemma 2.4. There exist constants c1, c2 > 0 such that the following is true. Let K1
be a hull of diameter at most r and K2 another hull such that there exists a conformal
map F : C \K1 → C \K2 of the form
F (z) = z +
∞∑
n=1
αnz
−n.
Then whenever dist(z,K1) ≥ c1r we have that
|F (z)− (z + b2 − b1)| ≤ c2r
2|z − b1|
−1
where bi for i = 1, 2 is the harmonic center of Ki.
In the proof of Theorem 1.4, Lemma 2.4 will be used to bound the summands in (2.10)
in terms of the fourth moment of the Euclidean diameters of a collection of quantum
metric balls.
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3 Brownian surfaces determine their embedding
The purpose of this section is to prove Theorem 1.4. We begin in Section 3.1 by
describing a type of embedding of a
√
8/3-quantum cone that will be useful when we
complete the proof of Theorem 1.4 in Section 3.2.
3.1 Smooth embeddings and stability
Suppose that (C, h, 0,∞) is a
√
8/3-quantum cone and let µh be the associated LQG
area measure. For each z ∈ C and r > 0, let hr(z) be the average of h on ∂B(z, r). In
many places, it is convenient to take the embedding of the quantum cone so that the
supremum of r > 0 values at which the process r 7→ hr(0)+Q log r, γ =
√
8/3 and Q as
in (2.1), takes on the value 0 is equal to r = 1. This particular choice of embedding in
some places is referred to as the circle-average embedding of h. It is useful because it is
possible to give an explicit description of the law of h. When we complete the proof of
Theorem 1.4 in Section 3.2 below, however, we will need to consider a slightly different
embedding of the quantum cone into C. The reason for this is that we will be cutting
out various parts of the surface and then gluing in new pieces and the aforementioned
normalization is not compatible with this operation as the circles centered at the origin
will typically not be invariant under the operation of cutting/gluing.
We are now going to describe an alternative choice of embedding of a quantum cone
into C that we refer to as a smooth canonical description. This type of embedding
was introduced in [DMS14, Section 10] (and also made use of in [GHMS15]), but for
completeness we will recall the definition now. For t ≥ 0, let
Rt =
1
γ
logE[µh(B(0, e
−t)) | he−t(0)].
That is, Rt is chosen so that e
γRt is equal to the expected γ-LQG mass in B(0, e−t)
given he−t(0). Then Rt = Bt + (γ − Q)t where Bt for t > 0 is a standard Brownian
motion [DS11, Section 4]; note that γ − Q < 0. Fix ǫ > 0 very small. Now we will
consider the quantity ∫ 0
−ǫ
Rtφ(t)dt (3.1)
where φ ≥ 0 is a C∞ bump function supported on (−ǫ, 0] with total integral one. We
apply a coordinate change rescaling to h so that the function from (3.1) achieves the
value 0 for the first time at 0. We refer to the h with this type of scaling as the smooth
canonical description for the quantum cone.
When we perform the cutting/gluing operations in Section 3.2 below, it will be impor-
tant for us to work on a certain event on which the behavior of certain quantities is
uniform. Moreover, it will be important that this event is determined by the quantum
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surface in question and is invariant under performing certain cutting/gluing operations.
We will now make the definition of this event precise. Fix s > 0 and r > 1. Suppose
that (C, h, 0,∞) is a
√
8/3-quantum cone and let Γ be the space-filling path associated
with TBP structure of h. We say that h is (r, s)-stable if the following are true.
• Γ([−r−1, r−1]) ⊆ B•Q(0, s) ⊆ B(0,
1
2
)
• For every z ∈ B•Q(0, s) it is the case that if we translate by −z, the scaling factor
which puts the resulting field into a smooth canonical description is between r−1
and r.
• The previous items continue to hold if we cut out the surface parameterized
by B•Q(0, s) and then weld in any surface which preserves the overall mm-space
structure. In other words, if we consider any conformal map ψ from C \B•Q(0, s)
to C \K for some hull K ⊆ C that is normalized so that
(i) ψ fixes ∞,
(ii) ψ has positive real derivative at ∞ (i.e., limz→∞ ψ(z)/z > 0),
(iii) ψ is scaled in such a way that the pushforward of h via the quantum coordi-
nate change described by ψ corresponds to a smooth canonical description
then K ⊆ B(0, 1
2
). Moreover, for any z ∈ K, the scaling factor necessary to put
the field into a smooth canonical description is between r−1 and r.
A notion of stability is also introduced in [DMS14, Section 10.4.2]. The definition
above differs from that in [DMS14] in that the above is defined in terms of the mm-
space structure of the surface while the version in [DMS14] is focused on the behavior
of the space-filling SLE.
We are now going to show that by adjusting the parameters r and s, the probability of
the event that a
√
8/3-quantum cone is (r, s)-stable can be made arbitrarily close to 1.
Proposition 3.1. Let (C, h, 0,∞) be a smooth canonical description of a
√
8/3-quantum
cone. Fix s > 0, r > 1, and let Ar,s be the event that h is (r, s)-stable. Then P[Ar,s] > 0.
Moreover, for every ǫ > 0 there exists s0 > 0 such that for all s ∈ (0, s0) there exists
r0 > 1 such that r ≥ r0 implies that P[Ar,s] ≥ 1− ǫ.
Proof. The proof is similar to that of [DMS14, Proposition 10.16], but we will include
it here for completeness (though we will cite some of the results from [DMS14, Sec-
tion 10.4.2] that we make use of verbatim).
We let Φ be the set of distorted bump functions of the form |g′|2φ ◦ g for which g−1
is conformal outside of K for some K ⊆ B(0, 1
10
) and looks like the identity near ∞.
Then we know that Φ is a sequentially compact subset of the space of test functions
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with respect to the topology of uniform convergence of all derivatives on compact sets.
Indeed, this follows from the Arzela´-Ascoli theorem. Since this space is a Fre´chet space
(thus metrizable) Φ is also compact. In particular, for any distribution h, both of the
quantities
M1(h) = inf
φ˜∈Φ
(h, φ− φ˜) and M2(h) = sup
φ˜∈Φ
(h, φ− φ˜)
are finite. By continuity, they are equal to the infimum and supremum taken over a
countable dense subset of φ˜ ∈ Φ. In the case that h is given by a GFF, the value of
(h, φ− φ˜) is a continuous function of φ˜ hence also has a maximum over Φ.
Let Rjt =Mj(z 7→ h(e
tz) +Qt). By [DMS14, Proposition 10.19], both of the processes
R1t and R
2
t tend to ∞ as t → ∞ and to −∞ as t → −∞. This implies that there a.s.
exists c ∈ (0,∞) (random) such that we have R1t , R
2
t > 0 for t > c and R
1
t , R
2
t < 0 for
t < −c. Pick c1 ∈ (0,∞) such that with
E1 = {c ≤ c1} we have P[E1] ≥ 1− ǫ. (3.2)
If K ⊆ B(0, 1
2
e−c1) then we have that aK ∈ B(0, 1
2
) for any a ∈ [0, ec1].
We know that B•Q(0, s) ⊆ B(0,
1
2
e−c1) with positive probability for any value of s > 0.
In fact, we have that for any ǫ > 0 there exists s0 > 0 such that with
E2 = {B
•
Q(0, s0) ⊆ B(0,
1
2
e−c1)} we have P[E2] ≥ 1− ǫ. (3.3)
On E1, E2, it is not hard to check that if one swaps out B
•
Q(0, s0) with any other
quantum surface, then the resulting appropriately scaled surface will still belong to
B(0, 1
2
).
For any fixed value of s ∈ (0, s0), follows from Proposition 2.2 that there exists r0 > 0
such that r ≥ r0 implies that with
E3 = {diamQ(Γ([−r
−1, r−1])) ≤ s} we have P[E3] ≥ 1− ǫ. (3.4)
On E1 ∩ E2 ∩ E3, all of the properties for the configuration to be (r, s)-stable hold
except for possibly the part of the event mentioned in the second bullet point. One
can verify that this condition also holds with probability at least 1− ǫ using the same
argument which was used to establish (3.2).
Lemma 3.2. There exists a constant c0 > 0 such that the following is true. Let
(C, h, 0,∞) be a smooth canonical description of a
√
8/3-quantum cone. Fix s ∈ (0, 1),
r > 1, and let Ar,s be the event that h is (r, s)-stable. Fix t ∈ [−r
−1, r−1] and let
y = Γ(t) where Γ is the space-filling path associated with the Brownian plane structure
of h. Let a1 > 4 be the constant as in [MS16a, Equation (4.3), Proposition 4.2]. Then
we have that
E
[
diam(B•Q(y, ǫ))
41Ar,s
]
≤ c0r
4ǫa1 for all ǫ ∈ (0, 1).
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Proof. Let X be the random scaling factor necessary to put h translated by −Γ(t)
into a smooth canonical description. On Ar,s, we have that X ∈ [r
−1, r]. [MS16a,
Proposition 4.2] is stated when (C, h, 0,∞) has the circle average embedding. When h
is instead a smooth canonical description with normalizing bump function supported in
B(0, 2)\B(0, 1/2), it is easy to see that h1/2(0) is a normal random variable with mean
zero and bounded variance. In particular, the probability that it is of order c
√
log ǫ−1
decays like a power of ǫ that can be made arbitrarily large by making c large. Thus
it is not difficult to see that the result of [MS16a, Proposition 4.2] also applies in this
setting, from which the result follows.
3.2 The resampling argument
We are now going to work towards completing the proof of Theorem 1.4. The proof
consists of two main steps.
1. Show that a
√
8/3-quantum cone is a.s. determined by the quantum surfaces
which correspond to a finite number of metric hulls (which may overlap), their
complement, and the mm-space structure of the overall surface (Lemma 3.3).
2. Show that, on the event Ar,s introduced in Section 3.1, the metric hull B
•
Q(0, s) is
a.s. determined by the mm-space structure up to a global rotation (Lemma 3.5).
We then finish by deducing Theorem 1.4 from Lemma 3.5.
Lemma 3.3. Suppose that (C, h, 0,∞), (C, h˜, 0,∞) are smooth canonical descriptions
of
√
8/3-quantum cones and let Γ, Γ˜ (resp. dQ, d˜Q) be the space-filling curves (resp.
metrics) associated with the corresponding Brownian plane structures of h, h˜, respec-
tively, with time normalized so that Γ(0) = Γ˜(0) = 0. Suppose that t1, . . . , tk ∈ R. Let
X = C \ ∪kj=1∂B
•
Q(Γ(tj), ǫ) and X˜ = C \ ∪
k
j=1∂B˜
•
Q(Γ˜(tj), ǫ). Suppose that there exists
a conformal transformation ψ : X → X˜ such that d˜Q(ψ(x), ψ(y)) = dQ(x, y) for all
x, y ∈ X, µh˜(ψ(A)) = µh(A) for all open A ⊆ X, and ψ(z)−z → 0 as z →∞. Then ψ
extends continuously to C and is given by the identity map. In particular, (C, h, 0,∞)
and (C, h˜, 0,∞) are a.s. equivalent as quantum surfaces.
Proof. We are first going to show that ψ extends to a homeomorphism C→ C. To see
this, we note that there exists c0, c1, a0, a1 > 0 (random) such that for each compact
set K ⊆ C and all x, y ∈ K \X we have that
|ψ(x)− ψ(y)| ≤ c0d˜Q(ψ(x), ψ(y))
a0 (Theorem 1.2)
= c0dQ(x, y)
a0 (ψ is an isometry)
≤ c1|x− y|
a1 (Theorem 1.2).
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Therefore ψ is Ho¨lder continuous on K \ X hence extends to be Ho¨lder continuous
on K. Since K ⊆ C was an arbitrary compact set, we therefore have that ψ is a locally
Ho¨lder continuous map C→ C. The same argument implies that ψ−1 extends to be a
locally Ho¨lder continuous map C → C. Therefore ψ is a homeomorphism C → C as
desired. Theorem A.1 combined with [MS15a, Proposition 2.1] implies that X is a.s.
conformally removable since each ∂B•Q(Γ(tj), ǫ) is a.s. the boundary of a simple Ho¨lder
domain. Therefore ψ is in fact a conformal transformation C→ C with ψ(z)− z → 0
as z →∞. This implies that ψ extends to the identity map on C, as desired.
Lemma 3.4. Suppose that (C, h, 0,∞) is a
√
8/3-quantum cone and s > 0. Let M
be the σ-algebra generated by the mm-space structure (M, d, µ) (as a random variable
taking values in the space of marked mm-spaces using the σ-algebra from Section 2.1)
associated with h. Then the quantum surfaces (B•Q(0, s), h) and (C \ B
•
Q(0, s), h) are
conditionally independent given M.
Proof. Let MI and MO be the σ-algebras generated by the mm-space structures as-
sociated with the quantum surfaces (B•Q(0, s), h) and (C \B
•
Q(0, s), h), equipped with
their internal metric, together with a marked point on ∂B•Q(0, s). Then we clearly
have that MI ,MO ⊆ M. We claim that we in fact have that M = σ(MI ,MO).
To show that this is the case, we first note that MI and MO together determine the
geodesics from every point z back to 0 because if z ∈ B•Q(0, s) then such a geodesic
is contained in B•Q(0, s) and if z /∈ B
•
Q(0, s) then such a geodesic can be expressed
as a concatenation of a shortest path from z to ∂B•Q(0, s) in C \ B
•
Q(0, s) and then
another shortest path in B•Q(0, s) from ∂B
•
Q(0, s) to 0. As TBP is locally absolutely
continuous with respect to TBM [CL12] and in the case of TBM the tree of geodesics of
this form determines the entire metric (recall its construction in Section 2.3), it follows
that MI and MO in particular determine the length of paths contained in B
•
Q(0, 2s).
Therefore MI and MO together determine the length of any path because any path
can be written as a concatenation of paths which stay outside of B•Q(0, s) and which
stay in B•Q(0, 2s). We conclude that M = σ(MI ,MO), as desired. Note also that the
σ-algebra B generated by the quantum boundary length of ∂B•Q(0, s) isM-measurable
(see, e.g., [MS15a, Proposition 3.27]).
Let F be the σ-algebra generated by the quantum surface (C \ B•Q(0, s), h) and note
that MO ⊆ F . Suppose that A is an event which is measurable with respect to the
σ-algebra generated by the quantum surface (B•Q(0, s), h) and B ∈ MI is a positive
probability event. By the construction of QLE(8/3, 0), we know that the quantum sur-
face (B•Q(0, s), h) is conditionally independent of the quantum surface (C \B
•
Q(0, s), h)
given its quantum boundary length. We also know that this quantum boundary length
is F -measurable and thatMI is contained in the σ-algebra generated by the quantum
surface (B•Q(0, s), h). Consequently, we have that
P[A |B,F ] =
P[A,B | F ]
P[B | F ]
=
P[A,B | B]
P[B | B]
= P[A |B,B]. (3.5)
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Since (3.5) holds for all such events A,B, it follows that for all such events A we have
that
P[A |MI,F ] = P[A |MI]. (3.6)
Since (3.6) holds for all such events A,M = σ(MI ,MO),MI andMO are conditionally
independent given B, and B ⊆MI ∩MO, it follows that
P[A |M,F ] = P[A |M]. (3.7)
for all such events A. It follows from (3.7) that the quantum surface (B•Q(0, s), h)
is conditionally independent of the quantum surface (C \ B•Q(0, s), h) given M, as
desired.
Lemma 3.5. Let (C, h, 0,∞) be a smooth canonical description of a
√
8/3-quantum
cone. Fix r, s > 0, and let Ar,s be the event that h is (r, s)-stable. Let F be the σ-algebra
generated by the mm-space structure (M, d, µ) (as a random variable taking values in
the space of marked mm-spaces using the σ-algebra from Section 2.1) associated with h
and the quantum surface (C \B•Q(0, s), h). Let h˜ be the field which describes the quan-
tum surface generated by starting with h and then resampling the quantum surface
(B•Q(0, s), h) according to its conditional law given F . Let Γ, Γ˜ be the space-filling paths
associated with the Brownian plane structures of h, h˜, respectively, with time normalized
so that Γ(0) = Γ˜(0) = 0. Fix −r−1 ≤ a < b ≤ r−1 and let Ka,b (resp. K˜a,b) be the
complement of the unbounded component of C\Γ([a, b]) (resp. C\Γ˜([a, b])). We assume
that the surface (C, h˜, 0,∞) is embedded so that there exists a unique conformal map
ϕ : C \Ka,b → C \ K˜a,b with |ϕ(z)− z| → 0 as z →∞ and so that h˜ = h◦ϕ+Q log |ϕ
′|
in C \ Γ([a, b]). On Ar,s, ϕ(z) = z for all z ∈ C \Ka,b a.s.
Note that Lemma 3.5 implies that Ka,b is F -measurable for all −r
−1 ≤ a < b ≤ r−1, up
to a global rotation. This implies that the same is true for Γ([a, b]), hence Γ|[−r−1,r−1].
Proof of Lemma 3.5. Fix ǫ > 0, let k = 2r−1ǫ−1, and assume that r, ǫ are such that k
is an integer. Let −r−1 ≤ t0 < t1 < · · · < tk ≤ r
−1 be k + 1 equally spaced times.
Let M be the σ-algebra generated by the mm-space structure (M, d, µ) (as a random
variable taking in the space of marked mm-spaces with the σ-algebra from Section 2.1)
associated with h.
Fix u > 0 small and let ξ = 1/4− u. We let h0 = h (resp. h˜0 = h˜) and let Γ0 (resp. Γ˜0)
denote the space-filling path associated with TBP structure of h0 (resp. h˜0). Fix j ≥ 1
and assume that we have defined fields h0, . . . , hj−1 and h˜0, . . . , h˜j−1 with associated
space-filling paths Γ0, . . . ,Γj−1 and Γ˜0, . . . , Γ˜j−1. We then let hj be the field which
describes the quantum surface which is constructed by starting with hj−1 and then re-
sampling the quantum surface (B•,j−1Q (Γ
j−1(tj−1), ǫ
ξ), hj−1), where B•,j−1Q (Γ
j−1(tj−1), ǫ
ξ)
is the hull of the metric ball of radius ǫξ centered at Γj−1(tj−1) using the metric asso-
ciated with hj−1, with respect to the field according to its conditional law given the
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quantum surface (C \B•,j−1Q (Γ
j−1(tj−1), ǫ
ξ), h) and M. We take hj so that the embed-
ding of the surface (C, hj, 0,∞) is such that if ϕj is the conformal map which takes
C \ B•,j−1Q (Γ
j−1(tj−1), ǫ
ξ) to C \ B•,jQ (Γ
j(tj−1), ǫ
ξ) then |ϕj(z) − z| → 0 as z → ∞ and
hj = hj−1 ◦ ϕ−1j +Q log |(ϕ
−1
j )
′|. We let Γj be the space-filling path associated with hj .
We note that hj is not necessarily a smooth canonical description, however on Ar,s the
scaling factor necessary to transform it into a smooth canonical description is between
r−1 and r.
For each j ≥ 1, we construct h˜j from h˜j−1 in the same way that we constructed hj
from hj−1. We also let Γ˜j and B˜•,jQ (x, r) be the space-filling path and filled metric ball
associated with the metric of h˜j. We couple the two resampling procedures together so
that (B•,jQ (Γ
j(tj), ǫ
ξ), hj) and (B˜•,jQ (Γ˜
j(tj), ǫ
ξ), h˜j) are equivalent as quantum surfaces
for each j. We also define the conformal maps ϕ˜j in the same way as ϕj . We note that
since we are working on the event that h is (r, s)-stable, it follows from the definition
of stability that hj is (r, s)-stable for each j. The same is likewise true for h˜j for each
j.
Proposition 2.2 implies there exists constants c0, c1, a > 0 such that with probability
at least 1− c0 exp(−c1ǫ
−a) we have that B•Q(0, s) ⊆ ∪
k
j=1B
•
Q(Γ(tj), ǫ
ξ) as ξ < 1/4. This
implies that, with probability at least 1−c0 exp(−c1ǫ
−a), the aforementioned procedure
resamples the entire quantum surface corresponding to (B•Q(0, s), h). (We are using that
the statement of Proposition 2.2 is a statement about the mm-space structure and does
not depend on its specific embedding.) The same is likewise true with h˜ in place of h.
Let X = C \ ∪kj=1∂B
•,k
Q (Γ
k(tj), ǫ
ξ) and X˜ = C \ ∪kj=1∂B˜
•,k
Q (Γ˜
k(tj), ǫ
ξ). On the afore-
mentioned event, the resampling procedure yields a conformal map ϕ : X → X˜ which
satisfies the hypotheses of Lemma 3.3. Therefore ϕ is given by the identity map and
the two quantum surfaces described by the fields hk and h˜k are equivalent.
To finish proving the lemma, we will show that the maps ψ = ϕk ◦ · · · ◦ ϕ1 and ψ˜ =
ϕ˜k ◦ · · · ◦ ϕ˜1 both converge to the identity map as ǫ→ 0. We will explain the argument
in the former case, as the latter argument is analogous.
We note that hk is a function of the quantum surfaces (B•,jQ (Γ
j(tj), ǫ
ξ), hj) for 1 ≤
j ≤ k together with (C \B•Q(0, s), h). Indeed, this follows from the same removability
argument used to prove Lemma 3.3. Moreover, these surfaces are by construction
conditionally independent given F . With a1 as in Lemma 3.2, we assume that u > 0
is chosen sufficiently small so that a1ξ > 1. Fix z ∈ C with |z| > 2. Let Gj be the
σ-algebra generated by (B•,iQ (Γ
i(ti), ǫ
ξ), hi) for each i 6= j. Lemma 2.3 implies that
E
[
var(ψ(z) | F)1Ar,s
]
≤
k∑
j=1
E
[
var(ψ(z) | F ,Gj) 1Ar,s
]
. (3.8)
By Lemma 2.4, there exists a constant c0 > 0 such that
var(ψ(z) | F ,Gj) ≤ c0 diam(B
•,j
Q (Γ
j(tj), ǫ
ξ))4. (3.9)
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On Ar,s, we note that the law of h
j is the same as the law of hk, up to a scaling factor
which is between r−1 and r. Consequently,
E
[
diam(B•,jQ (Γ
j(tj), ǫ
ξ))41Ar,s
]
≤ r4E
[
diam(B•,kQ (Γ
k(tj), ǫ
ξ))41Ar,s
]
(3.10)
Combining (3.10) with (3.8) and (3.9) (and possibly increasing c0) we see that
E
[
var(ψ(z) | F)1Ar,s
]
≤
k∑
j=1
r4E
[
diam(B•,kQ (Γ
k(tj), ǫ
ξ))41Ar,s
]
≤ c0kr
8ǫa1ξ (Lemma 3.2)
= 2c0r
9ǫa1ξ−1 → 0 as ǫ→ 0 (a1ξ > 1).
The same argument also applies to ψ˜. This implies that ϕ is F -measurable on Ar,s,
which implies the result.
Proof of Theorem 1.4. Let F be as in Lemma 3.5. As explained earlier, Lemma 3.5
implies that on the event Ar,s that h is (r, s)-stable, we have that Γ|[−r−1,r−1] is F -
measurable. We note that the intersection of the σ-algebras generated by the quantum
surfaces (C \ B•Q(0, s), h) for s > 0 is trivial. By applying scaling and using the scale
invariance of the law of a
√
8/3-quantum cone, it therefore follows that the probability
that Γ, hence µh, hence h [BSS14] is determined up to a global scaling and rotation
by M is at least P[Ar,s]. The result follows because Proposition 3.1 implies that we
can adjust r, s so that P[Ar,s] is arbitrarily close to 1.
A Conformal removability
It was proved by Jones and Smirnov [JS00] that the boundary of a Ho¨lder domain is
conformally removable. It is remarked in [JS00] that it is not known in general under
what conditions finite unions of conformally removable sets are conformally removable.
We will now prove a slight extension of their result to give that a finite union of Ho¨lder
domain boundaries is conformally removable provided each of the boundaries is simple.
We have included the proof of this result here for completeness but emphasize that
what follows is nearly identical to [JS00, Section 2].
Theorem A.1. Suppose that D1, . . . , Dk ⊆ C are Ho¨lder domains such that each ∂Dj
can be parameterized by a simple curve. Then X = ∪kj=1∂Dj is conformally removable.
That is, if U ⊆ C is a domain and ϕ : U → V is a homeomorphism which is conformal
on U \X then ϕ is conformal on all of U .
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The assumption that each ∂Dj is parameterized by a simple curve will be important in
the proof of Theorem A.1 because it implies that for each ǫ > 0 there exists δ > 0 such
that if we have z, w ∈ ∂Dj distinct with |z−w| ≤ δ then there exists a path contained
in the interior of Dj except at its endpoints which connects z to w and has diameter
at most ǫ.
Suppose that D ⊆ C is a Jordan domain and let ϕ : D → D be a conformal trans-
formation. Let z = ϕ(0) and let Γ be the family of paths which correspond to the
images under ϕ of the line segments [0, eiθ] for θ ∈ [0, 2π]. Let W a Whitney cube
decomposition of D. For each Q ∈ W, we define the shadow sh(Q) of Q to be the set
of points in ∂D which are the endpoint of an arc in Γ which passes through Q. We also
let s(Q) = diam(sh(Q)) and let L(Q) and |Q| respectively denote the side length and
area of Q. We shall be interested in domains D which satisfy the condition:∑
Q∈W
s(Q)2 <∞. (A.1)
It is explained just after the statement of [JS00, Corollary 2] that a Ho¨lder domain
satisfies (A.1).
We say that a function f on a domain U ⊆ C is ACL (absolutely continuous on lines)
if it is the case that f is absolutely continuous on the intersection with U of almost
every line which is parallel either to the vertical or the horizontal coordinate axis. It
is not difficult to check that any function which is conformal almost everywhere and
ACL is in fact conformal everywhere.
The main input into the proof of Theorem A.1 is the following proposition, which is
nearly identical to [JS00, Proposition 1]. Before we give the statement, we recall that
for p ≥ 1 the space W 1,p consists of those functions f which are absolutely continuous
with first derivative in Lp.
Proposition A.2. Suppose that D ⊆ C is a Jordan domain. Let Γ,W, sh(Q) and s(Q)
for Q ∈ W be as just above. Assume that (A.1) holds. Let U be any bounded domain
such that ∂D ∩U 6= ∅. Let γ be a curve which parameterizes ∂D, fix t so that γ(t) ∈ U
and let t1 (resp. t2) be the supremum (resp. infimum) of times s before (resp. after) t
that γ(s) /∈ U . Let K = γ([t1, t2]). Then any continuous function f which belongs to
W 1,2 on U \K also belongs to W 1,2 on U . In particular, such a function f is ACL.
Proof. Fix a direction v and let ∂vf denote the directional derivative of f in the sense
of distributions. Let
∫∫
U
denote the double integral, where we will first integrate along
a line which is parallel to v and then over all such lines. We will aim to show that∫∫
U
|∂vf | =
∫∫
U\K
|∂vf | (A.2)
The identity (A.2) means that on Lebesgue almost every line ℓ which is parallel to v
the total variation of f is equal to
∫
ℓ∩U\K
|∂vf |. Since f ∈ W
1,2(U \K) ⊆W 1,1(U \K),
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by Fubini’s theorem this implies that ∂vf restricted to almost every line ℓ parallel to v
is in fact an integrable function. By taking all possible directions v, we deduce that f
is ACL, thus proving the proposition.
Let ℓ1, ℓ2 be the two lines which are parallel to v and pass through γ(t1) and γ(t2). Fix
ǫ > 0 and let ℓ be a line which is also parallel to v and with distance at least ǫ from
both ℓ1 and ℓ2. We will momentarily integrate over all such lines and apply Fubini’s
theorem at the end.
We denote the total variation of f on ℓ ∩ U by
∫
ℓ∩U
|∂vf |, and note that it can be
arbitrarily closely approximated by expressions of the form∑
j
|f(xj)− f(yj)|+
∫
ℓ∩U\∪j [xj ,yj ]
|∂vf | (A.3)
where the pairwise disjoint intervals [xj , yj] cover ℓ ∩K with xj , yj ∈ ℓ ∩K.
Let Kǫ consist of those z in K which have distance at least ǫ from ℓ1 and ℓ2 and let
∆0 =
1
100
(
ǫ ∧ dist(Kǫ, ∂U)
)
. It then follows that any Whitney cube with distance at
least ǫ from ℓ1 and ℓ2 and with distance to K at most ∆0 will be contained in U . By
condition (A.1), as the Whitney cubes get smaller the diameters of their shadows tend
to zero. Hence we can choose such a small size ∆ ≤ ∆0 such that no shadow of a
Whitney cube of this or smaller size intersects more than one interval [xj , yj], all such
cubes are contained in U , and the shadows of the cubes of this size cover Kǫ.
Fix one such interval [xj , yj]. Since there are only finitely many cubes of size ∆, and the
set [xj , yj]∩K is covered by their shadows (which are compact sets), one can cut [xj , yj]
into finitely many intervals [ui, ui+1] so that u0 = xj and un = yj. By compactness, we
can do this in such a way so that, for every i either (ui, ui+1) ⊆ U \K or ui and ui+1
belong to the same shadow sh(Qi), and there are curves from Γ, joining ui and ui+1
to Qi, that do not intersect cubes of larger or equal size.
In the first case, we have that
|f(ui)− f(ui+1)| ≤
∫
[ui,ui+1]
|∂vf |. (A.4)
In the latter case, we can join ui and ui+1 by a curve γi which follows one Γ-curve
from ui to the cube Qi and then switches to another Γ-curve from Qi to ui+1.
For an integrable function g and Q ∈ W, we denote by
g(Q) =
1
|Q|
∫
Q
g
its mean value on Q. For any two adjacent Q,Q′ ∈ W (i.e. such that they have the
same side length and share a face, or one of them has twice the side length of the other
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and they share a face of the smaller one) contained in U we observe that there exists
a constant c0 > 0 such that
|f(Q)− f(Q′)| ≤ c0(|Df |(Q)L(Q) + |Df |(Q
′)L(Q′)), (A.5)
where Df is the vector of partial derivatives of f and |Df | is its L1 norm. Indeed, this
can be seen by letting x (resp. x′) be the lower left corner of Q (resp. Q′) and then
considering the bound
|f(Q)− f(Q′)| ≤
∫
[0,1]2
|f(L(Q)u+ x)− f(L(Q′)u+ x′)|du.
Taking the Whitney cubes intersecting the curve γi and excluding some of them one
can choose a bi-infinite sequence of cubes such that its tails converge to ui and ui+1
correspondingly, and any two consecutive cubes are adjacent. Applying (A.5) (and
possibly increasing the value of c0), one obtains
|f(ui)− f(ui+1)| ≤ c0
∑
Q∩γi 6=∅
|Df |(Q)L(Q), (A.6)
where the sum is taken over all Whitney cubes intersecting γi (even at a single point).
All the cubes in the estimate (A.6) have size at most ∆, and by the choice of ∆ they
belong to U .
Adding up the estimates (A.4), (A.5), and (A.6) for all i, we obtain
|f(xj)− f(yj)| ≤
∑
i
|f(ui)− f(ui+1)|
≤
∑
[ui,ui+1]⊆U\K
∫
[ui,ui+1]
|∂vf |+ c0
∑
[ui,ui+1]*U\K
∑
Q∩γi 6=∅
|Df |(Q)L(Q).
The first term is bounded from above by
∫
[xj ,yj ]\K
|∂vf |. Note that all Whitney cubes
that arise in the second term have one of the points ui in their shadow and are of size at
most ∆. As the following reasoning shows, for the purpose of estimating |f(xj)−f(yj)|,
we can assume that no cube appears twice in the sums. In fact, if there is a Whitney
cube Q, entered by two curves γk and γl, k < l, then we can make a new curve out of
them, connecting uk directly to ul+1, and thus improving the estimate above, writing
|f(xj)− f(yj)| ≤
∑
i<k
|f(ui)− f(ui+1)|+ |f(uk)− f(ul+1)|+
∑
i>l
|f(ui)− f(ui+1)|
and obtaining fewer cubes in the resulting estimate. If necessary, we can repeat this
procedure several, and thus assume that no Whitney cube is entered by two different
curves.
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Therefore we can rewrite our estimate as
|f(xj)− f(yj)| ≤
∫
[xj ,yj ]\K
|∂vf |+ c0
∑
sh(Q)∩[xj ,yj ] 6=∅
|Df |(Q)L(Q). (A.7)
Recalling that by the choice of ∆, no shadow of a cube of that or smaller size intersects
more than one interval [xj , yj], we conclude that every cube Q in the estimate (A.7)
appears for at most one j and has shadow intersecting ℓ. Now, summing (A.7) over
all j, we obtain the following estimate of the expression (A.3)∫
ℓ∩U
|∂vf | ≤ c0
∑
sh(Q)∩ℓ 6=∅
|Df |(Q)L(Q) +
∫
ℓ∩U\K
|∂vf |. (A.8)
Moreover, only Whitney cubes of size at most ∆ (which we can choose to be arbitrarily
small) are included in the latter estimate.
Notice that a Whitney cube Q participates in the estimate only if the line ℓ intersects
its shadow, and the measure of the set of such lines is at most s(Q). Let Uǫ be the set
of points in U which have distance at least ǫ from both ℓ1 and ℓ2. Integrating (A.8)
over all lines ℓ, parallel to the direction v and with distance at least ǫ from ℓ1 and ℓ2,
(here µ denotes the transversal measure on those lines), and applying Fubini’s theorem
we obtain∫∫
Uǫ
|∂vf | :=
∫ (∫
ℓ∩Uǫ
|∂vf |
)
dµ(ℓ)
≤
∫ c0 ∑
sh(Q)∩ℓ 6=∅
|Df |(Q)L(Q) +
∫
ℓ∩U\K
|∂vf |
 dµ(ℓ) (by (A.8))
=
∫ (
c0
∑
|Df |(Q)L(Q)1sh(Q)∩ℓ 6=∅ +
∫
ℓ∩U\K
|∂vf |
)
dµ(ℓ)
≤ c0
(∑
|Df |(Q)L(Q)s(Q)
)
+
∫∫
Uǫ\K
|∂vf |. (A.9)
In the final inequality, we used that
∫
1sh(Q)∩ℓ 6=∅dµ(ℓ) ≤ s(Q). We will now argue that
the first sum in (A.9) is finite. Indeed, by the Cauchy-Schwarz inequality and using
that |Q| = (L(Q))2, we have that∑
|Df |(Q)L(Q)s(Q) ≤
(∑
|Df |(Q)2|Q|
)1/2 (∑(
s(Q)/L(Q)
)2
|Q|
)1/2
≤
(∑
|Df |(Q)2|Q|
)1/2 (∑
s(Q)2
)1/2
. (A.10)
The first sum on the right hand side of (A.10) is bounded by the W 1,2(U \ K) norm
of f , hence finite. Condition (A.1) implies that the second sum on the right hand side
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of (A.10) is finite. As before, we can assume that only Whitney cubes of a small size ∆
(which we are free to choose) participate in this sum. Thus by taking a limit as ∆→ 0
(but with ǫ > 0 fixed), we say that the second sum in the right side of (A.10) tends
to 0. We therefore arrive at the bound∫∫
Uǫ
|∂vf | ≤
∫∫
Uǫ\K
|∂vf |. (A.11)
Sending ǫ→ 0, using that K is between ℓ1 and ℓ2, and applying the monotone conver-
gence theorem, (A.11) we see that∫∫
U
|∂vf | ≤
∫∫
U\K
|∂vf |. (A.12)
Clearly, both sides of (A.12) are therefore equal, thus proving the desired equality (A.2),
and hence the proposition.
Proof of Theorem A.1. Suppose that D1, . . . , Dk ⊆ C are Ho¨lder domains such that
each Xj = ∂Dj may be parameterized by a simple curve. Let X = ∪
k
j=1Xj. Suppose
that W ⊆ C is an open set containing X and that f is a homeomorphism on W which
is conformal on W \X .
Pick z ∈ X1 \ ∪
k
j=2Xj. We will show that f is conformal in neighborhood of z. Let
γ1 : [0, 1] → X1 be a simple curve which parameterizes X1 (except γ1(0) = γ1(1)).
Assume that γ1(0) 6= z and let t ∈ (0, 1) be the unique value so that γ1(t) = z. Fix
ǫ > 0 so that B(z, ǫ) intersects X1 but not Xj for j 6= 1. Assume also that B(z, ǫ)
does not contain γ1(0). Let t1 be the largest time s before t so that γ1(s) is not in
B(z, ǫ) and let t2 be the smallest time s after t so that γ1(s) is not in B(z, ǫ). Let
U = B(z, ǫ) \ (γ1([0, t1]) ∪ γ1([t2, 1])). Then Proposition A.2 implies that f is ACL
in U . Since f is also conformal almost everywhere, this implies that f is conformal
in U . In particular, f is conformal in a neighborhood of z. Since z ∈ X1 \∪
k
j=2Xj with
z 6= γ1(0) was arbitrary, this implies that f is conformal in D \ ∪
k
j=2Xj except possibly
at γ1(0). However, by using a different choice of parameterization of X1, we see that f
is conformal at γ1(0) as well. The result therefore follows by induction on k.
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